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' Abstract 

We consider a two dimensional magnetic Schrodinger operator with a spatially stationary random 
magnetic field. We assume that the magnetic field has a positive lower bound and that it has Fourier 
modes on arbitrarily short scales. We prove the Wegner estimate at arbitrary energy, i.e. we show 
that the averaged density of states is finite throughout the whole spectrum. We also prove Anderson 
^ , localization at the bottom of the spectrum. 

in ■ AMS Subject Classification: 82B44 

00 ! 

Running title: Wegner estimate for magnetic field 
, Key words: Wegner estimate, Anderson localization, random Schrodinger operator 

1 Introduction 

Wc consider a spinlcss quantum particle in the two dimensional Euclidean space subject to a random 
- magnetic field _B : — !> M. The energy is given by the magnetic Schrodinger operator, H = {p — A)'^ + V, 

r> I where p = — iV, A : — ^ is a random magnetic vector potential satisfying V x A = B and V is 

■ a deterministic external potential. In contrast to the standard Anderson model for localization with a 

magnetic field (see, e.g., [2, 3, 5, 8, 19]), we consider a model where the external potential is deterministic, 
and only the magnetic field carries randomness in the system. 

The existence of the integrated density of states and its independence of the boundary conditions in the 
thermodynamic limit have been proven for both the discrete and the continuous model and Lifschitz tail 
asymptotics have also been obtained [10, 14, 15]. 

However, Anderson localization for the random field model has only been shown under an additional 
condition that the random part of the magnetic fiux is locally zero [13]. Since a deterministic constant 
magnetic field localizes, one could expect that its random perturbation even enhances localization, so the 
zero flux condition in [13] should physically be unnecessary. Technically, however, random magnetic fields 
are harder to fit into the standard proofs of localization mainly because the vector potential is nonlocal while 
a spatially stationary magnetic field typically docs not lead to a stationary Hamiltonian. 

To circumvent this difficulty, Hislop and Klopp [9] and later Ueki [18] have considered spatially stationary 
random vector potential of the form 

Auj{x) ^ ^ LOzU{x - Z), (1.1) 
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where a; = {lo^ : z S Z^} is a collection of i.i.d. real random variables with some moment condition and 
u : is a fixed vectorfield with a fast decay at infinity. For such random field, Anderson localization 

was shown in [18, 6], motivated by a method in [9], that gave the first Wegner estimate for this model. The 
method works only for energies away from the spectrum of the deterministic part of the Hamiltonian, mainly 
because the Wegner estimate is shown only in that regime. 

Note that for the magnetic field = V x generated by (1.1), the fluctuation of the total flux 
J^^ B^(x)dx within a large box = [— L/2, L/2]'^ is of order of the square root of the boundary. |9Al|^/^ ~ 
by the central limit theorem. In contrast, if the magnetic field Bi^{x) itself were given by a spatially 
stationary random process with a sufHcient correlation decay, e.g., 

B^{x) = J2 - z) (1.2) 

with some decaying scalar function u : R^ — R, then J^^ Bi^{x)dx would fluctuate on a scale of order square 
root of the area, \Al\^^^ ^ L. Assuming stationarity on the vector potential thus imposes an unnatural 
constraint on the physically relevant gauge-invariant quantity, i.e. on the magnetic field. 

The analogous problem for the lattice magnetic Schrodinger operator has been studied with different 
methods. For the discrete magnetic Schrodinger operator on Z^, the magnetic field is given by its flux on 
each plaquet of the lattice. Extending the method of Nakamura [14], Anderson localization was proven 
for this model [13] near the spectral edge, however, the zero flux condition was enforced in a strong sense. 
Instead of considering the more natural i.i.d. (or weakly correlated) random fluxes on each plaquet, the 
neighboring plaquets were domino-like paired and the magnetic fluxes were opposite within each domino. 
Such magnetic field again has much less fluctuation than the i.i.d. case, moreover the flux is deterministically 
zero on each domino. 

The main technical reason for the zero flux condition in both the continuous and the discrete model was 
that the proof of the Wegner estimate required it. The Wegner estimate is a key element in any known 
mathematical proof of the Anderson localization since it provides an a-priori bound for the resolvent with a 
very high probability. Typically, the statement is formulated for the finite volume truncation Hl of H onto 
a box Al = [— L/2,L/2]^ with some boundary conditions. The Wegner estimate states that the expected 
number of eigenvalues of within a small spectral interval / is bounded from above by C{L)\I\, where 
|/| ^ 1 denotes the length of the interval. As \I\ — >■ 0, this provides an upper bound on the averaged density 
of states and Lipschitz continuity of the averaged integrated density of states. Ideally, the constant C{L) 
should be proportional with the volume of the box, but for the purpose of Anderson localization C (L) often 
may even grow subexponentially with the volume. Moreover, it is also sufRcient if the averaged integrated 
density of states is only Holder continuous, which corresponds to a bound C{L)\I\", < a < 1, for the 
expected number of eigenvalues in the Wegner estimate. 

In this paper we present a new method to prove a Wegner estimate that applies to a certain class of 
spatially stationary random magnetic fields and to any energy in the spectrum. Our estimate gives the 
optimal (first) power of |/|, but not the optimal volume dependence: C{L) is a high (but universal) power of 
L. As an application of the Wegner estimate, we prove Anderson localization for our model at the bottom 
of the spectrum. We will address the localization at higher energies later. 

We remark that our new approach can also be used to prove a Wegner estimate and localization for the 
discrete Schrodinger operator with a random magnetic field given by i.i.d. random fluxes on the plaquets of 
Z^. The details will be given in a separate paper [4]. 

2 Definition of the random magnetic field 

We work in R^ and we set |x|oo := max{|a;i|, \x2\} for any x G R^. We are given two positive numbers, bo 
and A'o > 3, and a deterministic (possibly nonconstant) magnetic field i3det(a;) with 

0<26o<Bdet(a;) < (i^o-l)6o. (2.1) 
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We perturb this magnetic field by a random one, i.e., we consider 

B ~ ^ Bdct + M-S"anJ (2-2) 

where the random field is assumed to be \Bf^^^\ < bo and < /.t < 1 is a coupling constant. In particular, 

0<bo<B^< R'obn. (2.3) 

Now we define the random field more precisely. We will need the assumption that has com- 
ponents on arbitrary small scales, but these components decay in size. For simplicity we present a class 
of magnetic fields for which our method works, but our approach can be extended to more general fields 
with a similar structure. We remark that the analogous result in the discrete setup [4] will not require such 
assumption on the structure of the random field. 

We choose a smooth profile function u € Cq(M^), Q < u < 1, that satisfies one of the following two 
conditions for some sufficiently small S: either 

u{x) = for |a;|oo > ^ + (5 and u{x) = 1, for |a;|oo < ^ — <5 (2.4) 

or 

u{x) ^ 6'^uo{xS) with some Wo e Co(M2), / uq = 1, uo{x) = for \x\oc. > I- (2.5) 



In both cases S will be chosen as a sufficiently small positive number S < 5q < 1. The threshold Sq can be 
chosen as 



6n = under condition (2.4) 

3200 ^ ' 

So — under condition (2.5). 



(2.6) 



640 + 32||Vuo| 

Fix fc e N and define the lattice A^^) = (2-'=Z)2. For z e A^'') define 

I3i'\x):=u{2''{x-z)). (2.7) 
The randomness is represented by a collection of independent random variables 

Lo = {cjf) . fc e N,z G A<'=)}. 
We assume that all cji'^' have zero expectation, and they satisfy a bound that is uniform in z 

|^(fc)| < crC^-) := e-"'^- (2.8) 

ume that the distr 

is in Co(M) and satisfies 



(k) . .... (k) 

with some p > 0. We assume that the distribution of is absolutely continuous, its density function Vz 



j2 (fc) 

is) ds < C[a^''^]-^ = Ce^P\ (2.9) 



ds2 

Note that we do not require identical distribution. Thus for each {k,z) £ C := UfceNi'*'} ^ have 

(k) 

a probability measure with density Vz . The associated product measure, P, is probability measure on 
= M.^, and we denote expectation with respect to this measure by E. 
For example, one can assume that for each fixed k, the random variables {wi*^' : z G A^*"')} are i.i.d. and 
they all live on a scale cr*^'^', e.g. vi''\s) = [cr^'^']~^i;(s/i7('^^) for all z with some smooth, compactly supported 
density function v. 
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We define the random magnetic field as 

oo 

B-,,{x) = B,,^{x):=Y,B^'\x), B^'^x) := Y^^i^Hx), B^^\x) u:f^ pf\x) , (2.10) 
fc=o zeAC-') 

i.e. Bj^,-, is the sum of independent local magnetic fields on each scale k and at every z G A^'^). We assume 
that 

CXD 

^aW<6o, (2.11) 

fc=0 

i.e. (1 — e^P)bQ > 1, then clearly |i?ran(a;)| < bo. Note that B^^^^ is differcntiable if p > ln2. We will make 
the following assumption 

(R) B^ is a random magnetic field constructed in (2.2), (2.7), and (2.10), and it satisfies (2.1), (2.3), (2.8), 
(2.9), (2.11), and one of the conditions (2.4) or (2.5). 

Let A C be square and we will consider the magnetic Schodinger operator with Dirichlct boundary 
conditions on A. We will work in the Hilbert space i^(A) and denote the scalar product by ( •, • ) and the 
norm by || • ||. Let A be a magnetic vector potential such that \7 x A ^ B. By H\{A) we denote the 
magnetic Schrodinger operator on i^(A) with Dirichlet boundary conditions, i.e., Ha{A) = {p — A)'^ + V. 
Here F is a bounded external potential. In the special case where A^ = [—L/2, L/2]'^ C with L G N we 
will write 

Hl{A) ^ H^,{A). (2.12) 

By H{A) = {p — A)'^ + V, we denote the magnetic Schrodinger operator on L^(R^). The magnetic Hamilton 
operators can be realized by the Friedrichs extension. If we refer to statements which are independent of 
the particular choice of gauge, with a slight abuse of notation, we shall occasionally write H\{B) and H{B). 
If V X A^ = B^ and B^ satisfies (R), then w Hl{Ai^) is measurable. This follows for example from an 
application of Proposition 1.2.6 [17]. 

3 Main results 

The first result is a Wegner estimate. Fix an energy E and a window of width rj < I about E. Let X-B,r; be 
the characteristic function of the interval [E — ri/2, E + ri/2]. 

Theorem 3.1 Let Kq > 3. We assume that B^ is a random magnetic field satisfying (R). Let A^ he a 

vector potential with V x A^^ = B^ = -Bdct + t'-B'^an with ii G (0, 1]. We assume p > ln2, (1 — e^P)bQ > 1, 
and ||y||oo < bo/A. Let S < Sq and Ki > 1. Then there exist positive constants Co ~ Cq{Kq, Ki), Ci = 
Ci(A'o, Ki), and Lq = Lq{Kq, Ki,S) such that for any < k < 1 

ETrxE^HLiA)) < CoW-^L^'^^'^''+p\ 
for all E G [^,Kibo], < < 1, and L > L*b^. 

The next theorem is a standard result stating that the spectrum is deterministic. For this we need that the 
random magnetic field is stationary on each scale: 

(i.i.d.) For any fixed fc G N, {uji''^ : z G A^")} are i.i.d., i.e., v^''^ = vf'' . 

Theorem 3.2 Suppose B^ is a random magnetic field such that (R) and (i.i.d.) hold. For V x A^ ~ B^, 

the function lu h-> H(Ai^) is measurable. There exists a set S C M and a set fli C with P(17i) ~ 1 such 
that for all lo £ D,i 

a{H{B^)) = S. 
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For completeness, we give a proof of Theorem 3.2 in Appendix A. 

The second main result is localization at the bottom of the spectrum. We make additional assumptions 
on the profile function, namely that 

U{x) := u{x — z) > Cu and sup^gj{2?7(x) = 1, (3-1) 

for some positive constant > 0. 

The result about localization will hold under the following Hypotheses. 

(A) V and Bdet are Z^-periodic, and B^^ is a random magnetic field satisfying (R) with profile function 
satisfying (3.1). Hypothesis (i.i.d.) holds and suppw^*^^ is a compact interval \rrL-^\rri'^\. 

Second we assume a polynomial bound on the lower tail of v^^^ . To this end we introduce the probability 
distribution function 

v{h) := / wW(x)dx. (3.2) 

(At-) Hypotheses (A) holds and there exists a constant c„ such that for all /i > we have viji) < c^lC . 

The next theorem states that we have Anderson localization at the bottom of the spectrum. Recall that 
E denotes the almost sure deterministic spectrum of H{Bi^), see Theorem 3.2, and let Sjnf be its infimum. 
We will assume that the following quantity is finite 

K2 max [(1 ~ 2e-P)~^\\D"U\\oo + P"Bdet||oo + P"^I|oo] ■ 

a| — 1 

where we used the multi-indices notation D" — d^^l^d"^ with a G N§ and \a\ ~ ai + ol2- To show localization 

— 1/2 

we will need that K^h^ is small. A more explicit relation between 6o and derivatives of U , B^ct, and V 
can be obtained from the first inequality of (10.7) given in the proof. 

Theorem 3.3 Let Kq > 3,. A'l > 1, p > In 2, (1 - e-P)bo > I, \\V\\oo < bo/A. Suppose (A^) holds for 
some T > 2, and let B^ = Sdct + M^ran with fj, g (0, 1] be the random magnetic field with a vector potential 

— 1/2 

A ~ Alo- If K2bQ is sufficiently small, then there exists an Eq > such that for almost every uj the 
operator H{A^) has in [Emf, Sjnf -|-eo] dense pure point spectrum with exponentially decaying eigenf unctions. 
For p < 2(t — 2), there exists an eo > such that for any subinterval I C [Sinf , '^inf + eo] ond any compact 
subset K CM.^, we have 

E|sup|||X|Pe-*«(^)*l/(i?(yl))Xif||| < oo. (3.3) 

We will use the notation that Is as well as xs denotes the characteristic function of a set S. 

Remark. We note that if K2 ~ 0, then no large bo assumption is necessary, that is, the assertion of the 
theorem holds for any 60 > 2. Now K2 = holds provided B^ct and V are constant and J7 = 1. The 
condition U ^ 1 can be realized for example as follows. We choose cp € Cq°(K^; [0, 1]) with ip{x) = 0, if 
\x\ > 1, J <f = 1, and set, for s > 0, m = l{|a;|^<i/2} * fs and ips{x) = s~^(p{x/s). Conditions (2.4) or (2.5) 
can be satisfied by taking s sufficiently small or sufficiently large, respectively. 

The next theorem provides estimates on the location of the deterministic spectrum E of H{B^), under 
the influence of the random potential. It will be used in the proof of Theorem 3.3. To formulate it, we define 
two specific configurations of the collection of random variables, u)^ and w-, by (a;±)i'^^ := ra^± , and we set 

Sinf inf [B^_{x) + V{x)\ , S,„p -.^ inf [B^^{x) + V{x)\ . (3.4) 
Moreover, we wiU write M± = Efclo"^±^- ^o^e that \m^^\ < crC^^ and thus \M±\ < (1 - e-P)'^. 
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Theorem 3.4 Suppose (A) holds, and let p > ln2. Then the following statements hold: 
(a) We have 

Einf < Sinf < Eini + ^K^h^'' + min(X a^Q^ , /^g&o ' ) > (3-5) 

where we defined 

Ks := 2 max {p"Bdet||oc + (1 - 46"")-' P"C/||oo + \\D"V\\oo} , (3.6) 

\a\—2 

if Ae^P < 1, and := oo otherwise, 
(h) We have E;^f + Aic„(A/+ - A/_) < E^^^. 

(c) IfT^ini < Esup, then 

S D [I]inf,i;«up]. (3.7) 

(d) In the special case when [/ = 1, Bdct is constant and V = 0, then Sjnf = i?dct + M-'^^- '^'^^ 

Ed + 27i)(Bdct + Ai[Af-, M+])}. 

Remark. The finitcness of A'3 improves the upper bound on Ejnf in the large 60 regime, see (3.5), but it 
requires higher regularity on the data. We also remark that in view of (a) and (b) the condition Ejnf < Egup 
in (c) can be guaranteed if c„ > and bo is sufficiently large. 

The paper is organized as follows. In Section 4 some previous methods to obtain a Wegner estimate are 
presented. Sections 5-7 are devoted to the proof of the Wegner estimate as stated in Theorem 3.1. Its proof 
is given in Section 5 modulo the key Proposition 5.1, whose proof is given in Section 6. Section 7 contains 
some elliptic regularity estimates needed in Section 6. The ergodicity property needed to show Theorem 
3.2 will be given in Appendix A. In Sections 8-10 we explain how the Wegner estimate leads to Anderson 
localization. In Section 8 an inner bound on the deterministic spectrum is shown, i.e., a proof of Theorem 
3.4 will be given. In Section 9, an initial length scale estimate will be proven. This estimate will then be 
used in Section 10, where the localization result, Theorem 3.3, will be shown. We will use the multiscale 
analysis following the approach presented in Stollmann's book [17]. We remark that we could alternatively 
have followed the setup presented by Combes and Hislop in [2] to prove the initial length scale estimate by 
verifying their Hypothesis [iJl](7o, /q)- 

We will use the convention that unspecified positive constants only depending on Kq and Ki are denoted 
by C, Co, Ci, ... or c, cg, ci, ... whose precise values are irrelevant and may change from line to line. 



4 Main ideas of the proof of the Wegner estimate 

The standard approach to prove Wegner estimate for random external potential is to use monotonicity of 
the eigenvalues as a function of the random coupling parameters (see, e.g. [17] for an exposition). Consider 
the simplest Anderson model of the form Hl = —A + \[j{x) with Dirichlet boundary conditions on A^. The 
random potential is given by 

Vu;{x) = LJzU{x - Z) (4.1) 

with i.i.d. random variables uj = {uz, z G Z''} and with a local potential profile function u{x) ■.M.'^-^W. By 
the first order perturbation formula for any eigenvalue A with normalized cigenfunction ip we have 

— = I'lp^ u{- - zU) = / Wx)\^u{x ~ z)Ax. (4.2) 
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We define the vector field Y = J2zeAi^/^^z) on the space of the random couphngs w, where the summation 
is over all z S A := n Z''. If, additionally, u{x — z) > c with some positive constant c, then YX > c. 
This estimate guarantees that each eigenvalue moves with a positive speed as the random couplings vary in 
the direction oiY. In particular if lUz are continuous random variables with some mild regularity condition on 
their density function Vz{uJz) then no eigenvalue can stick to any fixed energy E when taking the expectation. 

More precisely, if x = XE,rj is the characteristic function of the spectral interval I = [E — E + ri/2] 
and F is its antiderivative, F' — x, with F{—oo) = 0, then the expected number of eigenvalues in / is 
estimated by 

ETr x{Hl) < c-'ETtYF{Hl) = c'^ f ( TT ".(w.)dw.) V -^Tr F{Hl). (4.3) 

If Vz is sufficiently regular, then, after performing an integration by parts and using that < F < rj together 
with some robust Weyl-type bound for the number of eigenvalues, one obtains the Wegner estimate. Note 
that the proof essentially used that u{x — z) > c > 0, in particular it does not apply to sign indefinite 
potential profile u. We remark that for a certain class of random displacement models a different mechanism 
of monotonicity has been established in [12] to prove the a Wegner estimate and Anderson localization. 

For random vector potential of the form (1.1), the first order perturbation formula gives 

|^ = («(.-z),j:^), (4.4) 

where j,/, = 2Re ip{p — A)ip is the current of the cigenfunction. Unlike the non- negative density |?/'(a;)p, 
the current is a vector and no apparent condition on u{- — z) can guarantee that YX > c > for some 
'i/'-independent vectorfield of the form Y = J^z Cz{'^){d/duJz)- 

The method of [9] addresses the issue of the lack of positivity of YX for both the sign non-definite random 
potential (4.1) case and the random vector potential (1.1) case but it does not seem to apply for random 
magnetic fields (1.2) due to the long-range dependence of A^^ generating B^^. Moreover, it uses the Birman- 
Schwinger kernel, i.e. it is restricted for energies below the spectrum of the deterministic part iJdct of the 
total Hamiltonian. 

To outline our approach, we go back to (4.4), and will exploit that 

E(|^)' = Eiw---)'^-^)i' (4-5) 

z z 

is non-negative, and, in fact, it has an effective positive lower bound (Proposition 5.1). The proof relies 
on three observations. First, ||.7^||2 has an effective lower bound because we assume that there is a strictly 
positive background magnetic field (Lemma 6.2). Second, ||Vj^, II2 has an upper bound following from elliptic 
regularity (Lemma 6.1). This will ensure that most of the L^-norm of comes from low momentum modes. 
Finally, assuming that the random magnetic field has modes on arbitrarily short scales, i.e. the summation 
over z in (4.5) is performed on a fine lattice, we see that a substantial part of the low modes of is captured 
by the right hand side of (4.5), giving a positive lower bound c on (4.5). 
Using this lower bound we can estimate, similarly to (4.3), 

ETr x{Hl) = ^x(A£) < c'^E ^ ^(y,A,)2x(A,), 

e z I 

where Yz ~ (d/duJz) and Xg are the eigenvalues of Hl. The square of the derivative, (YjA^)^, can be 
estimated in terms of the second derivatives of the eigenvalues (see (5.9)). By usual perturbation theory, to 
compute second derivatives of the eigenvalues requires first derivatives of eigenfunctions which seems to be a 
hopeless task in case of possible multiple or near-multiple eigenvalues. However, a key inequality in Lemma 
5.2 ensures that the sum of second derivatives can be estimated by the trace of the second derivative of the 
Hamiltonian itself. Since the Hamiltonian is quadratic in the random parameters, this latter quantity can 
be computed. 
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5 Proof of the Wegner estimate 



In the following proof we consider L fixed. Set k = k{L) such that 

-L-'^ < 2-'= < L-^ (5.1) 

with some fixed exponent K to be determined later. For brevity, we denote e = e{L) := 2~^^'^\ Set 
Ae = (eZ)^ n Al+1 = A^*^) n Al+1. Note that |Ae| < CL^e~^. For this given L, we decompose the magnetic 
field (2.2) as follows 



11 = 



We will use only the random variables in B'^^'^ and we fix all random variables in B^"^\ m ^ k, i.e. we 
consider B deterministic. We will choose a divergence free gauge for B, i.e. VxA = B,V-A = 0. Since k 
is fixed, we can drop the k superscript in the definitions of bI'^-' , wi'^'' /3l*'^ , ai''^ and cr''^^ , i.e. 

BW(a;) = ^ S,(a;), B,(x) = t^,/3,(a;), = u{{x - z)/e). 

We define two different vector potentials for Bz by setting 



with 



ixi,X2):=( /3z{xi,s)ds]ei, af\xi,X2) ■= -( j /^^(s, X2)ds')e2, (5.2) 
where ei = (1, 0), 62 = (0, 1) are the standard unit vectors. Then V x a^^i = V x 0:2,2 = Pz and V x a^P ~ 

||ai"'lU<£, r=l,2, (5.3) 



V X a''^' = Bz and notice that 



and, actually, under condition (2.5) we even have ||Q;i^''||oo 1^ Let 

then V X A'^'^^ = _B, r = 1, 2. We consider the two unitarily equivalent random Hamiltonians 

i?L(AM) (p-AM)2 + V^, t = 1,2 

with Dirichlet boundary conditions on A^. For a while we will neglect the r = 1,2 indices; all arguments 
below hold for both cases. 

Let A be an eigenvalue of Hl{A) with eigenfunction ip. We consider A as a function of the collection of 
random variables {w^}. For each fixed z, 

Yz\ := = 2/iRe J t/jaz ■ [p ~ A)^ = ^ J ctz ■ j^, (5.5) 

where = j = (.71,^2) = 2Re ijj{p — A)'ip is the current of the eigenfunction. Short calculation shows that j 
is gauge invariant and divergence free. 
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Proof of Theorem 3.1. We first introduce a smooth high energy cutoff. Define the function 

t(u) := u-. r^, with s := lOA'i&o, 

(s + uy 

and the operator T := t{HL{A)). Clearly 

TvxE,r,{HL{A)) < TTXtiE)AT) (5.6) 

since the derivative t' is bounded by 1. In the sequel we set x = Xt{E).r]- Let F(u) such that F' ^ x with 
F{u) = for u < t{E) - 7^/2 and let G{u) such that G" = F and G{u) = for m < t{E) - r]/2. 

Let Ai, A2, ... denote the eigenvalues of Hl{A) and let = t{\^) be the eigenvalues of T. In Section 6 we 
will prove the following key technical estimate: 

Proposition 5.1 With the notations above, and assuming p > ln2 (i.e. u <e) there exist positive constants 
Co and Ci , depending only on Kq and Ki, and a constant Lq, depending on Kq, Ki, and 5, such that for 
any < k < 1 and a = CiK~^ 

E©'-E(^^^^)'^^o-^^-"^V (5.7) 

z z 

for any eigenvalue X( of H]^(A) and all L > LqBq. 
From (5.7) it easily follows that 

Trx(T) =5]x(t£) < CL'^e-VEE(^^^^)'^(^^)' (5-8) 

£ £ 2 

since YzTi = g' {Xi)YzX£ and for in the support of x the number |(7'(Af)| is bounded from below by a 
universal constant. 

Notice that for any Y — Y^ and any £ we have 

Y^Gin) = Y{{Yn)F{n)) = (rV,)F(T,) + {Ynfxin). 

Thus 

E E(^^-^)'x(-.) = E E Y'Gin) - Y: Y.(^z'n)F{n) 

£ 2 £ 2 £ 2 

= 5] Tr y,2G(T) - ^ ^(i;V,)F(r,). 



(5.9) 



Lemma 5.2 We have for any Y ^ Y^ 

Tr iY^T)F{T) < ^(rV,)F(T,). (5.10) 

£ 

Proof of Lemma 5.2. We use spectral decomposition, T = J2a'''o'\'^a){ua\, 

Tr (r2r)F(r) = ^ F(r„) K I (r2 ^ 1^.^) (u^ 1) 



a fj 

= Y,F{t^){uo.\{^Y.^Y^^p)\''p)^''0\+'^T.^^^I^)^^\''p)<^^^^ 

a 13 13 13 

= ^F(T,)(yV„) + 2^F(T,)(yT^)(M,|r(|M^)(u^|)|M,) + ^F(T,)T0(w„|r2(|y^)(y^l)|u^). 

a a,0 a, 13 

(5.11) 
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The second term is zero, since 

{Ua\Y{\up){ufi\)\Ua) ={Ua\Yup) (u/^lUa) + (Ualup) {Yup\Ua) 

I \ (5-12) 

^^ai3\{^c\YUa) + (X^o\Ua) \ = ^afiY {Ua\Ua) = 

since (uq|mq;) = 1. In the last term in (5.11), we use that 

= Y{Ua\ufi) = (yUa\ufi) + f{U.a\YUfi) 

and differentiating it once more: 

= r((ru„|ua) + {u^\Yufi)) = l^^u^\ufi) + 2l^u^\Yufi) + (ualF^u^). 

Thus 

)) +2|(y«^|u„)|2 (5.13) 

So for the last term in (5.11), 

Y,F(TMy^o\YWuii)i,up\)\u^) 



a,/3 



a,/3 



=2^F(r„)r,(^|(u^|yj/„)|2- (yu„|yM„)j +2^F(r„)(r^-r„)|(M;3|yu„)|2. 

The first term is zero since is an orthonormal basis. In the second term we use that |(u^|yuQ)p is 
symmetric in the a, /? indices and write 



a,/3 Q</3 

= - E [^(^") - ^(^^)] - rp)\{up\Yu^)f < 

a</3 



(5.14) 



since F is monotone increasing. This proves Lemma 5.2. □ 
Thus combining (5.8), (5.9) and (5.10), we have 

Trx(r) < CL^e-^fi"^ ^ (TrY^G{T) - Tr {Y^T)F{T)^ . (5.15) 

z 

We compute Y^T. First, to present the idea, imagine that we did not have the high energy cutoff, i.e. T 
were simply {p — Af + V . Then 

Yz[{jp- A - ^I'^UQacf + V] = -fiaz ■ {p - A - //^w^a^;) - fi{p - A - /i^w^^a^) • 
C C C 

and 



Y,^ip-A- ^lY^^C^C? ^^^^ 
C 
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thus, using \F\ < -q and (5.3), we would have to compute |Tr (y/r)F(T) | < Ce'^ifYvl{T > E - t]/2). 
Unfortunately, this trace is unbounded. The smooth high energy cutoff ensures the finiteness of the trace 
and gives a bound Ce'^rjL^, but it makes the second derivative calculation more complicated. 

To make the argument more precise, we go back to T = t(HL{A)) with eigenvalues T£ = t(Xt) where Xi 
are the eigenvalues of Hl{A). Then 

Tr F(r) = J2 ^(^«) (*(^^) ^ *(^) - '^1'^) < ^ 1 - ^ ^ ^* + 

where E* > E is the other root of the equation t{E*) = t{E). Using E < Kibo = it is easy to see that 
E* < C{E + s) < CKiba and |t'(A)|, \t'{E*)\ are bounded from below by a universal constant which was 
used in the last inequality. Thus, by applying Weyl's bound (5.17) on the number of eigenvalues below a 
fixed threshold, we obtain 

TtF{T) <Cboi]L\ (5.16) 

where C depends Ki. We note that the Weyl bound holds for magnetic Schrodinger operators as well, 
namely, for any K > we have 

#{Af < K} <# {eigenvalues of {p- Af + V - 2A'1a^ between [-K, -2K]} 
<CK-^Tr [{p -A)' + V- 2KU,]_ 



with some universal constant C. Here Tr denotes the sum of absolute values of the negative eigenvalues 
of the operator h and we applied it to h = {p — A)'^ + V — 2Klf^^ with Dirichlet boundary conditions on A/,. 
The last inequality is the Lieb-Thirring inequality that holds for magnetic Schrodinger operators as well. 
To compute F/T, we define the resolvent 



s + {p- AY + V' 

where [p — A)"^ + is understood with Dirichlet boundary conditions. We have 
{p-Af + V 



^ [sl{p-Af + VY ' ^l^"" ~ ^ y\R''{Y{v - Af\R'-^ (5.18) 



and thus 



+ (p - AY ^Vf ' ^ ' ' {s + (p - AY + Vf 

3 

2 ^[y(p - Af\R^'^{p - Af\R^-^ 
fc=i 

3 (5.19) 

Yy<p - Af + y]i?'=[r2(p - Af\R^-^ 

4 

2 ^ \{p~ Af ^V\R^^{p^ Af\R^XY{p- Af\R^~^~^. 



k,t = l 
k + £<4 



Let P = 1{Hl{A) < E* + Crj) be the spectral projection. Since F{T) = on the complement of P, we can 
insert P as 

Tr (if T)F(T) = TrPiY^T)PF{T). 
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Using that 

Y,ip - Af = -/ia, -{v-A)- - A) ■ a„ Yjip - Af = 2ii^al, 

the estimates 

~ -^) (, + (p-A)^ + y)i/2 || ^ ^' - + ^] II < ^* + < ^^^1^0 < Cs^ 

the fact that ||l^||oo < s and the bound \az \ < e we can estimate the right hand side of (5.19) and we obtain 

mY^T)P\\ < Ce' 

with C depending on Ki. Thus 

|Tr {Y^T)F{T)\ < Cs^TtF{T) < CboL^s^r] (5.20) 
using the positivity of F{T) and the bound (5.16). 

Recalling (5.15) and |Ae| < CL^e^^, we proved that 

Trx(r) < C^-^L^e-^ ^ Tr (if G'(r)) + Ch^^i-^ L^+^e-^i^ (5.21) 

Z 

under (5.7). After taking expectation with respect to the cohection 
we integrate by parts 

ETr yi^G(T)= / n v^{LOz)dLo^^TvG{T)^ f \{vc{u^)du^ f <(c..)dc..Tr G(T). 

To compute Tr G(T) we use that G{u) < Crju, and that t{u) < s^{s + u)^^, we have 

Tr G(r) < G77 s^Tr ^— \ < Cr^L^s^ [ '^^ < Ctis'l'' (5.22) 

using the integral representation = te^"*dt, with a > 0, Feynman-Kac-Ito formula, and the dia- 
magnetic inequality. Using (2.9) and (5.7), we get from (5.21) that 

ETrx(r) < G6^L°+''7//i-2e-4cr-2 + Cbofi'^L^'+^e-^Tj. 

Considering the choice of £ = 2^'^ ~ , (5.1) and (2.8), we get 

ETrx(r) < C5277/i-2i«+4+4A'+2(i„2)-V 

and together with (5.6) this completes the proof of Theorem 3.1. □ 

6 Proof of Proposition 5.1 

In this section we prove that the lower bound (5.7) on (YzA)^ holds for any eigenvalue. Fix i and denote 
A = Xi. Using (5.5), we have 



which we write as 



M-^E(^^^)' = 2El("i'^^'^)l' + 2El("i'^^''/')l'- (6.1) 

Z Z Z 

2r 



In the sequel (•, •) denotes the scalar product on L (Al). We will prove the following two lemmas: 



12 



Lemma 6.1 There are positive d! and g' and a constant C = C{Kq, Ki) such that 

I |V.7^|2<CL'*'6g' (6.2) 

for all normalized eigenfunction -0 with energy E < KiBq. From the proof, d' = 126 and g' ~ 60. Here we 
adopted the notation |Vj^p = J2l k=i I'^feOvOH^- 

Lemma 6.2 There are positive d" and g" and a positive constant c = c{Kq,Ki) such that 

\J4'\^ > cb-<'" L-'i" (6.3) 



uniformly for all normalized eigenfunction ijj, with energy E < Kiba. From the proof, d" = 100 and g" = 46. 

First we show that from these two Lemmas, (5.7) foUows if 6o in (2.4) or (2.5) is sufficiently smah. Let 
N := [(5^^] + 1, where [ ■ ] denotes the integer part, and define the square 

Q, := {xeR^ : \x - z\^ < Ne} 

and the L^-normafized vector-valued functions 

Mi'Hx) = 2^lQ.(^)ei Mi^Hx) = ^lQ_(a:)e2. 

We set = {2NeZ)'^ n A^+i C to be a sublattice of A^. The z-indices of Mi^\ j = 1, 2, wiU always run 
over this sublattice z G A^. We write 

1 ^ 

, N (6.4) 

^(2) _ ^ \p / (2) _ (2) ) + £:(2) 

k=-N 

with errors si^^ that are defined by these equations. Let Q'^ = {x £ M.^ : \x — z\oo < {N + (5^^)e}. We will 
prove the following estimates at the end of this section. 

Proposition 6.3 With the notations above, we have 

suppSi^^ CQ',, T = l,2, (6.5) 

j\£'f^\'<Q5, T^l,2. (6.6) 

where Q ~ 100 under the condition (2.4) and = 20 + || Vuoll^ under the condition (2.5). 
Suppose that (5.7) is wrong, then, by (6.1), we have 

T=l,2 zSAe 



after dropping the subscript ip. Then, in particular 

E E l(Mi^^J)p<cL-e-^+2 E E (6-7) 



t=1,2zgA' T=l,2zeA' 
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and using (6.5), we get 

2 E E K^i^^j)!' < 2 E E ll^i^^flb'lQif < 16e<5||jf • (6.8) 

For z £ and t ~ 1,2, we let 

:= (2iV£)-2 f J, = (2iV£)-i(MM,j). 

We write 

Jr = E + = E (A^f \.7)(2A^£)~'1q. + ^r, 

where Jt is orthogonal to all Ig^, z £ A^. Since the (2A^e)^^lQ^ functions are orthonormal, we have from 
(6.7) and (6.8) that 



ib-f=E / i.^vp=E Ei(^^^i^^^-)i'+Eii^^ 

r=l,2-^^i r=l,2zeA^ t=1.2 

<CL-''e-2 + 16e(5||jf + ^ II 



2 

T||2 



2 
2- 



^T||2- 



Choosing (5o = (328) ^, for any (5 < (5o we get 

lUf <CL-V--2 + 2 ^ II J. 

r=l,2 

However, by Poincare inequality 

•/At .6A^-^Q= .GA^ -^Q- -^At 

by Lemma 6.1, where the last constant depends on Kq, Ki. Thus, from (6.9) and Lemma 6.2, we have 

cL-'^"bo'" < CL-'^e-^ + CS-^e'^L'^'bi < CL-^+^^ + C L'^' +^-'^^ b( 

where we used that e ~ from (5.1) and we assumed L > 5^"^. Using a < e, we get 

cL-'^"b~'" < CL-''+^^ + CL'^'+^-^'^bi. (6.10) 

Choosing first K such that g' + g" < k{2K — d' — d" — 4) and then a such that g" < K,{a — 2K — d"), we see 
that (6.10) is a contradiction if i > {2Cc-''^bo)'^ and L > J"^. □ 

Proof of Proposition 6.3. To see the support property (6.5), we note that supp u C [—6^^ ,6^^]"^ 
under cither conditions (2.4) or (2.5) on the profile function u. Therefore supp C Q'^ for any C e A^ with 
C ~ ^\oo < Ne and (6.5) follows immediately from the definitions of ai^\ t = 1,2, see (5.2). 

For the proof of (6.6) we distinguish between the two alternative conditions (2.4) and (2.5). If u{x) satisfies 
(2.4) then £z^\x) = unless x satisfies either {N — l)e < ja; — z|oo < {N + l)e or \xi — zi — ke — ^\ < Se for 
some A: G Z with |fc| < A^ + 1. Therefore fi^'' is nonzero on a set with measure at most 20A^£^ + 20{Ne)^S 
and lli^i^'llco < 2(A^£)~^ by the support properties of ai^\ thus (6.6) follows from N > S^^ for r = 1. The 
case T = 2 is analogous. 

If u{x) satisfies (2.5), then we still have ||oo < 2{Ne)~^ since in the fc-summation in (6.4) at most 2S~^ 
terms overlap and ||ai^''||oo < Se. We can use this bound in the regime (A''— 5~-^)e < |a;— 2;|oo < {N+S~^)e, 
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which gives a contribution of at most 20S ^ < 20S to the integral in (6.6) as before. In the complementary 
regime we claim that 



\£i''Hx)\<SiNe)-^\\Vuo\\oo for \x - z\oo < {N - S-^)e. 



(6.11) 



which would give a contribution of at most i5^||Vwo||^ to the integral in (6.6). 

To see (6.11), we introduce a new variable v = Se~^{x — z), with components v = (^1,^2) and note that 
— ^Icx) < (A^ — )e implies \v\oa < N6—1. Using (2.5), (2.7), (5.2) and (6.4) and after changing variables 
we have 



£i'\x) 



1 



2Ne 
1 

''2Ne 



^qA^)- X! / 5\uo{vi - k6,s + N5) - uo{vi ~ k5,s - N5)\ds 



N 
k=-N 



k=-N 

1-NS 



ei 



l-JVi5 



uo{vi ~ kS,s + NS)ds 



(6.12) 



ei. 



where we used that uq is supported on [—1, 1] and that \v\oo < Nd — 1 implies 1 — NS < V2 < N5 — 1 to 
restrict the regime of integration for the first term and to conclude that the second integrand is zero. Since 
l^^loD < N5 — 1, we see that \vi — k6\ > 1 if |fc| > TV, thus the summation can be extended to all fc G Z 
without changing the value of the right hand side, since uq is supported on [—1, 1]^. We use the fact that 
for any / G C^(K) function with compact support 



\j25fi5k)- [ J{t)At <<5||/'||oo|supp/| 
fcez -^R 



that can be easily obtained by Taylor expansion. Thus 



The proof for £z is analogous and this completes the proof of Proposition 6.3. □. 



7 Proof of the regularity lemmas 

Since j^, is gauge invariant, to prove Lemmas 6.1 and 6.2, we can work in an appropriate gauge A for the 
deterministic part B of the magnetic field. Since ip is supported in A^,, it is sufficient to construct A on A^. 

Proposition 7.1 Given a hounded magnetic field B on A^,, there exists a vector potential A, V x A ~ B , 
that is divergence free, V • ^ = 0, and for any \ < p < oo 



\\A\\^<C^L\\BU 

with some constant Cp depending only on p. Here \\ ■ \\p denotes the U'[KL)-norm. 
Proof. Let A* be the Poincarc gauge for B, i.e. 

Al{x) = -f tB{tx)x2dt, A*{x)^[ tB{tx)xidt, 



(7.1) 











then clearly \\A*\\p < L\\B\\oo and V x A* = B. Define 



wix) := — / log \x - y\A*{y)dy, 
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i.e. Aw = A*, and := V • w. Note that V • V(/) = AV • w = V • Aw = VA*. By the Calderon-Zygmund 
inequahty (see Theorem 9.9 of [7]) we have 

l|V<^||p = ||V(V • w)\\p < Cp\\Aw\\p = Cp\\A*\\p < CpL\\B\\^ 

for any 1 < p < cx). We define A ^ A* - V(/), then VxA^B, V-A = and (7.1) holds. □ 

Proof of Lemma 6.1. Since ip is a Dirichlet eigenfunction, we have 

- A?/- + 2iA ■ VV- + i(V ■ A)ij + {A^ + V ~ E)tJ; ^ (7.2) 

and 



\{V ~iA)i^\^ <EUf. 

with E := E + ||l^||oo- Since ip is supported on A^, ah integrals and norms in this proof will be in Al 
By the Gagliardo-Nirenberg inequality 

ll^lle < C\\Vip\\y2 <C\\{V - 1^)^-113/2 + C\\A^JJ\\y2 

<CL'/^\\i\7^zA)ijh + \\A\\e\m2 (7.3) 
<C{L'/^E'^^ + \\A\\e)M2 

and similarly 

IIV-IU < CllWlU/s < C(Li/2ijV2 + ||A||4)||V||2. (7.4) 

Then 

IIVV.II2 < ||(V - *A)V.||2 + ||A^||2 < E^/^H2 + UhMU < C{E^/^ + L^'^E'/^\\A\U + ||A||2) ||V.||2. (7.5) 
We use (7.2) and Calderon-Zygmund inequality in the form given in Corollary 9.10 of [7] for ^ £ W^o '^(Al) 
PVIU <CW\U < C (2||AVV||4 + ||V ■ A\\MU +\\{A^ + V~ E)ij\U) 
<C (2||A||2o||VV'||5 + [||V • A|U + E] \\ij\U + IIAII^^II^-lle) . 

We can estimate 



(7.6) 



<CKp2^||3/2+CAC-9||V7M|2 (7.7) 

< CKi5/6pVl|4 + CK-^||V^A||2 

for any k > 0, where we used the Gagliardo-Nirenberg inequality once more. Choosing k ~ (4CL^/^||A||2o)^^ 
we can absorb the first term in the right hand side of (7.6) into the left term and we obtain 

PVIU < c (i^^/'||A||^j|v^||2 + [II V . A|U + E] u\u + \\A\\lM, 



The vector potential is given by (5.4), A ^ A + J2zeA, ^zCtz, with \uJz\ < cr, ||az||oo < £, so \A\ < \A\ + Ca 
since among all at most Ce~^ of them overlap. Thus, from (7.1) we have 

\\A\\p < CpLKnbn 1< p < 00. (7.8) 

Moreover, |V • A| < Ca/e since V ■ A — and jVa^l < C. Using these estimates together with (7.3), (7.4) 
and (7.5), we have proved 

\\D'^P\U<CL^^^X°\m2 (7.9) 
16 



with C = C{Ko, Ki). By Holder inequality we also get 

WD'i^h < CL^%n^h. (7.10) 
Going back to the estimate on HV-^lje used in (7.7), we also have 

llWIle < CL^/^pV^IU < CL'%"Uh (7.11) 

using L > 1, and we have 

||V^||4<Li/«||VV'||6. (7.12) 

Moreover, from (7.3) and (7.4) 

Hh,U\U<CL\m2. (7.13) 
From (7.9) and Sobolev inequality applied to VV', we have 

||VV'||oo< PV||4+|IV7M[4<00. 

Then j ~ 2Rc[ — i'lpVilj — vanishes at the boundary, since is bounded and ^ vanishes at the 

boundary. To prove (6.2), we use that 

/ IVjf = J |Vx,f 
since V • j = and j vanishes on the boundary. Now we compute 

|V X j\ < 2|V X [i;{p~A)^j]\ < C^IVV'P + \D^i'M + \A\\^jj\\V^jj\ + l-BHV'P)- 
Thus, using the estimates (7.8), (7.11), (7.12) and (7.13) 

J ivjf < c(||v^||^ + p^iil + Mt + II will + ll^ll^ + \\A\\t + iisiiLll^ll^) < CL^'X^mi 

This bound proves Lemma 6.1. □ 

Proof of Lemma 6.2. We first we need a lower bound on the eigcnfunction. Let ^/^ be a normalized 
Dirichlet eigcnfunction of Hl{A), i.e. 

{-i\7 - Af + V ~ sli' = 0. 
Let xq be the point where |V'(2;)I reaches its maximum. Since 

1= / i^i'<iV(2;o)r 

we have 

m^o)\ > \. (7.14) 

In particular, xq G int(Ai). Now we consider a disk D of radius t about xq, where Z > is sufficiently small 
so that D c Al- Let 

(«:=^/^*, (V«:=^/^V*. 

Notice that from (7.5) and (7.8) 

{y^r <-l- f ivv^p < ^-^iiv^ii^ 5 < cL%tr'. (7.15) 

\L)\ JD ^ ' 
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For X € D define 

fix) := iPix) - ii') - {Vi') ■ (x - xo). 

Then 

/ |v/p= / |vv7-(v^)p <c£2 /■ |z?2^|2, 

Jd Jd Jd 

by Poincare inequaUty in D. Thus, applying Sobolev inequality for /, we have 

where in the last step we used (/) = 0, (V/) = 0, and we used Poincare inequality twice 

\\fh.^o)<Cmf\\LHD)<CnD'fh.^3r 

Thus 

ll/lloo < C£L^%1° 

by (7.10) and so, by (7.15), 

|^(x) - (^)l <CiL^X'> + \x- xo||(Vi^)| 

<CeL^°bl° + CL'^bl\x~xo\r^ (7.16) 
<CL"feJj|a;-a;ol^/^ 

after choosing £ ~ L^^b^'^lx — xq\^I'^ . From (7.14) this guarantees that there is a disk D — Dr about xq of 
radius R = cL"^^5q so that li'ix)] > ^\ip{xo)\ for x € D, i.e. 

|V(x)l>^, xeD. (7.17) 

Now we give a lower bound on the current. On D the wave function ip does not vanish, so we can write 
it as = \ip\e'^^ with some real phase function 6. Then 

Re ij{p - A)i' = Re |V|e"*'*(-iV - ^)[e'^|V|] = Re \tp\{-iV -{A- VeJM = -{A - V9)\^\^. 

Thus 

/ bf {A~ y6f\^\^ > cL-^ f {A~ Vef, (7.18) 

Jd Jd Jd 

where we used (7.17). Finally, we will need the following elementary lemma: 

Lemma 7.2 Let D = Dfj be a disk of radius R and let A be a vector potential generating B with a lower 
bound B{x) > bo. Then 

I A^>lhlR\ 

JDn ^ 

Proof. Let Sr be the circle of radius r with the same center as D. 



A'= l"" ( f A^]dr> r ^( I ^dsVd 



D Jo "-JSr- ' Jo 27rr ^js,. 



ir 



Stt?' V Ijj^ J Jq 27r? 



TT- B dr> — UH6o dr=-b',R\ □ 



Lemma 6.2 now follows from (7.18) and Lemma 7.2 

/ bf > cL-^ I {A- Vef > cL'%l\D\^ = cb^^^^L-'^^. 
Jd Jd 
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8 Deterministic Spectrum 

The goal of this section is to prove Theorem 3.4. For I > and a: G M-^ we denote by 

A,(a;) :={yeM2 : \y - x\ao <l/2} 
the open square of sidelength I centered at x. We introduce the constant 

cs ^ I lu Sol! (8.1) 



6 , in case (2.5) 

which gives the distance beyond which the random magnetic field is independent. From Theorem 3.2 recall 
that S denotes the almost surely deterministic spectrum. 

Theorem 8.1 Let (R) and (i.i.d.) hold with p > ln2. Assume that B^ct md V are 71? 'periodic. Then 

E D u U ^W^-)), 

where Vl = { G : Vfc G N, wi'"' G [mi!"', m'^''], w^'^j'^j^^ = aji'°'',Vn G } is the set of L-periodic 
configurations. 

Proof. By unitary equivalence, we can fix a gauge. Given a magnetic _B-ficld, for any y gM.^ wc define 
the vector potential 



Ay[B]ix) := (o, f ' B{x[,X2)dx[ 

V Jyi 



Fix LdQ G Vl for some L G N. Let E G a{H{B^g)). Since the magnetic Hamiltonian is essentially self-adjoint 
on functions, it follows that there exists a normalized sequence cpn G such that 

\\{H{Ao[B^„])- E)^J^O, (n^w). (8.2) 

Let In G 2N + 1 be such that supp((/3„) C A;^(0) and /„ > n. For x G Z^, we introduce the following 
random variables 

S,.,,„„(W) ||(i?ran - Sra"n) \ H^)\\oo 

and we define the set 

nnix) = 0„,^„(.t) := G r! I B,j^^^„i^) < C',S;i„,.o(^) < (8.3) 

Using the properties of the random potential, it is straight forward to verify that P(ri„(a;)) is independent 
of X and strictly positive. Moreover, if dist(A;^ (x), A;^ (?/)) > 2cs then i7„(x) and 51„(j/) are independent. It 
now follows that for a.e. lu € ^l there exists an x„ = a;„.^.^„ G LZ^ such that lu G 51n,a;o(2;n)- We set 



ranJ 



Then setting <;3jj"(-) = (fini' ~ Xn), we have 

\\{H{A,JB^])-EM"\\ < \\{H{A,JB^„])-E)^-^-\\+2R,+R2 + R3, (8.4) 
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with 



i?i ■.= \\A-{p-A,^[B^,])^l-l 

R2 ■■= IIAV^II, 

i?3 := ||(V-IV^||. 
Let Xn denote the characteristic function of Ai^(x„). We estimate 

Ri < \\Axn\\oo\\{p - Ao[B^,])ipJ <Cl-^ln{E + iy/^ 

where in the first inequality we used the L-pcriodicity of and in the second inequality we used (8.2) and 
the definition of A. Using again the definition of A, we similarly find R2 < Cl~^ and R3 < Cl~^ . Using a 



gauge transformation such that H{Ax^[Bi^^]) = 



^oH{Ao[B^ 



"0 it now follows from (8.4) and 



.2) that 



lim \\{H{A,,[B^])^E)e 



-i\„ 



0. 



This yields the theorem. q 
Lemma 8.2 Let K he a square or and B = V x A. As an inequality in the sense of forms in i^(A) 

iJA(A) >±B + V. 

Proof. Let ct^ denote the i-th Pauli matrix. Then for if G C^{K; €?) we have 



{p - A) V) 



The lemma now follows by density argument. 



□ 



Proof of Theorem 3.4. (d). First observe that Ejnf > B^ct + fJ-^I--, by Lemma 8.2. From Theorem 8.1 
and the fact that a magnetic Hamiltonian with a constant magnetic field is explicitly solvable, we find that 



aiHiB^))D U {(l + 2n)(Bdct+/i^)}: 



where ly ~ [A/_, 71/+]. (d) now follows. 

(b). This follows directly from the definition of i^inf and -Esup- 

(a). First observe that Einf > i^inf follows from Lemma 8.2 and the definition of Emf- Next we show that 



using a trial state. By continuity and periodicity of + B^_ we have 

Eini = {V + B^_){x), 

for some a; G M^. We choose the gauge 



(8.5) 



Ainf{x) = 



\(^^J^ BLu-{xi,y2)dy2, B^^{yi,X2)dyi 



and we set Aq{x) := ^bI^J{—{x2 — X2),xi — xi) with B^^^ := B^_{x). Let us consider the trial state 

ipQ{x) = exp(-iSi^°f'|a; - x|^), 



(0) 



(8.6) 
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which satisfies [{p — Ao)i + i{p — ^0)2] fa = 0. Using a straight forward calculation we find 

{fo,H{Ai,,f)^o) = \\[{P- An{)i+i{p- Ai,,f)2]<fo\\^ + {ifioABu.- +V)fo) (8.7) 

= EiniWfof + II [{Aq - Ainf)l + i{Ao - ^i„f)2] fof + {(fio, {B^_ + V- Eini)^o)- 

By Taylor expansion with remainder it is straight forward to see that 



{Ao{x) - Ainii^jf < i 



max ||D"B, 



uj- 00 



|a| = l 

Using this estimate and evaluating a Gaussian integral we find, 



4\xi - Xi\\x2 - X2 \ + ^\xi - I'lp + ^\X2 - 



[{An - Ai„f)i + i{Ao - Ai„f)2] v?of < 4 



max W^B. 



LO- 1 1 DO 



^0 



where we used that < 5o < B^^^, which follows from (2.3). Using a Taylor expansion up to first respectively 
second order and that V + Bi^_ attains in x its minimum E'inf we find, similarly. 



(^o,(S„_ + U-Si„f)(/5o) <min|maxp"(B„_ + U)||„o^ , max p"(B„_ + U)|UW 4" jll'/'of ■ 

L|a|=2 60 |a| = l V 7r6o J 

Now inserting the above estimates into the right hand side of (8.7) and using Theorem 8.1 and the estimate 

00 00 



^L'^| 

k=0 k=0 



we obtain (8.5). Thus we have shown (a). 

(c) Now we estimate the interior of the spectrum. Let e > 0. Then by Theorem 8.1 there exists an lo^ in 
the support of the probability measure and a normalized ip e such that 

((^, iJ(A^O</') < Sinf + £. (8.8) 

Choose Lq such that suppers C ^L'g- Now choose > L'q + eg in N. To show (3.7) we consider the path 

(w,)i'^-) = {uj')^^^ + s(mf - (io')^^^), < s < 1, (8.9) 

where z = tiLq + z' with e Ai„ and n ^1? . Note that the configuration is Lo-periodic. We have 

inf a(i/(B^„)) < Sinf +e, E,^^ < inf J), (8.10) 

where the first inequality follows from (8.8) and (8.9), and the second inequality follows from Lemma 8.2. 

By perturbation theory it is known that for any i > 0, inf a{HL{Bi^^)) is a continuous function of s. In 
Lemma 8.3 below we will show the limit of inf <T{HnLo [Buj^)) as n — 00 converges to inf a{H{B^J) uniformly 
in s. Thus s 1-^ inf a{H{B{uJs))) is a continuous function of s G [0, 1]. In view of Theorem 8.1 this continuity 
property and (8.10) imply the inclusion (3.7), since £ > is arbitrary. q 

Lemma 8.3 Suppose the assumptions of Theorem 3.4 hold and suppose ujs £ is as defined in (8.9). Then 
there exists a universal constant C such that 

\mia{HL{B^J)-MaiH{B^J)\ < 

for all s G [0, 1] and L = uLq with n G N. 
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Proof. Set B = B^^ and El[B) := ini a{HL{B)). For notational simplicity we drop the dependence, 
the estimate wiU be uniform in LOg. By LpZ^-periodicity of the B field, we have for any n € N, 

mia{H{B)) < El{B). (8.11) 

To find a lower bound we use the I. M.S. localization formula, 



H{A)= J2 JzH{A)J,- 



2 



where we introduced a partition of unity = (p{{x — z)/L), with ip G C^(R^; [0, 1]), suppip G [—1,1]^, 
^^ggiy9^(a; — z) = 1, and dp := \\ J2zez('^'P)^ (■'^ ~ ^)lloo ^ -^y ^^e Lo^^-periodicity of the B field, we 
find for any vector potential A with V x A = _B and any normalized -0 G ^ 

{i,,H{A)^)^ J2 {^,J.H{A)J,i^)~ (^JVJ.|V)>i?2L(S) E ll^-V-f 
zeLZ2 zeLZ2 zeLZ2 

This implies 



which, together with (8.11), yields the lemma. q 



miaiH{B))>E2LiB)-^, 



9 Initial length scale estimates 

In this section we show an initial length scale estimate. We define A := A + [— c^, cs]'^, with cs as defined in 
(8.1). 

Theorem 9.1 Assume that (A) holds and recall the definition of v{-) from (3.2). Then for h> 

P{dist(inf cr(iJA),i^i„f) >l^h}>l- \I\iy{c-^h). (9.1) 
Proof. By Lemma 8.2, Ei^f is a lower bound of the infimum of the spectrum, thus 

l.h.s. of (9.1) > P{B^ot{x) + AiS,a„(x) + V{x) > fih + Eini, Vx e A} 

> P{4°)>mL")+a-iM]'^' 

> 1 - \AW{cZ'h). (9.2) 
The second line follows, since cj^ > -\- c^^h for all z E A implies that for all x E A 

oo 

Bd^t{x)+fiB,^n{x) + V{x) > Bdct{x) + V{x)+nY w?^w(x-z) 



> Bdct{x) + V{x)+n Y cZ^hu{x-z)+fiY Y "( 

oo 

> Bdct{x) + V{x)+nh + fiY Y rn^-^^i^-z) 

> Einl + t^h, 

where we used the notation A^'''^ = A''^^ n A. Now (9.2) follows from the binomial formula. q 
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Corollary 9.2 Assume that (A,-) holds for some fixed r > 2 and Cy. For any ^ G (0,t — 2) set (3 
5(1 - e (0, 1), then there is an ^initial = /initiai(T, ^, c„, €„, such that 

p{dist(infcr(i7A),i;i„f) >fii^~^} > i-r«, 

for any A = Ai{x), with x E 7? and I > ^initial- 
Proof. Set h = l^^-^ in Theorem 9.1. Then 

\AW{c-^h) < \A\c,{c-^hy = c--c^{l + C5)2?('3-i)- < r«, 
where the first inequality follows from assumption (A,-), and the second inequality holds for large q 

10 Multiscale analysis 

The goal of this section is to prove Theorem 3.3. We will essentially follow the setup presented in [17] and 
indicate the necessary modifications for magnetic fields. Alternatively, one could follow the setup of [2] and 
verify their key hypothesis [Hl]{jo,lo)- 

We assume (A,-) throughout this section for some fixed r > 2 and Cy. The constants bQ,p,S are as in 
the assumptions of Theorem 3.1. We write 

RAiz) = Ra{A, z) = (Ha(A) - = (Fa(A„) - z)-\ 

For notational simplicity we will occasionally drop the A and z, and mostly the uj dependence. Boxes with 
sidelength I G 2N + 1 and center x eJ? are called suitable. For a suitable square A = A;(.t), we set 

A-*:=A;/3(a;), A™* := Az(x) \ Ai„2(x), 

and we set x'"* = XAi-* and x°"* = XA°"t • For A an operator in a Hilbert space we will denote by p{A) the 
resolvent set of A. 

Definition 10.1 A square A is called (7, A)-good for uj E if 

||x°"*i?A(i?c.,i?)x''^*ll <exp(-70, 

where E G p{Ha{B^)). 

Let us introduce the multiscale induction hypotheses. Below we denote by / C M an interval and assume 
I G 2N + 1. First, for 7 > 0, and ^ > we introduce the following hypothesis. 

G{1, 1, 7, ^): Vx, y &1? , \x — y\oo ^ I + cs, the following estimate holds: 

V{\/E G I\ Ai{x) or Ai{y) is (7,i;)-good for uj} > 1 - r"^^. 

Note that this definition includes a security distance cs, to ensure the independence of squares. 

Lemma 10.1 For any ^ G (0, r — 2) there is an Iq = Ig{t, Cu, Cy, eg) such that for all I > Iq, G{I, 1, 7, ^) 
holds with 7 = l^-\ I = Ei,,f + [0, \nlf^-\ and ^) G (0, 1). 

Proof. Consider w such that 

dist(inf cr(iJA(w)),i;i„f) > ^Jil^-^. (10.1) 
If _E G /, then dist(_ffA('^), E) > ^l^~^- Thus by the resolvent decay estimate, see Theorem C.2, we find 

\\x"^\HA{io)-E)~^X°"'\\ < -;i-''exp(-(/i/'3-V4)i/2;/4)^ 
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for / > 4. Since by Corollary 9.2 the bound (10.1) holds with probability greater than 1 — / ^ for any large 

^ ^ ^initial; 

it follows that for sufficiently large I, G{1, 1, 7, ^) is valid for 7 = ^'^ ^ □ 
For > 0, and q > wc introduce the following hypothesis. 
W{I, I, Q, q): For aU E' G / and A = A/(a;), x eZ'^, the following estimate holds: 

P{dist{a{HA{oj)),E) < exp(-Z®)} < r«. 

Lemma 10.2 Suppose the assumptions of Theorem 3.1 hold. Let O > 0, g > 0, and < k < 1. Let / C R 
be a finite interval with 'mil > bo/2. Then there exists a constant Lq = Lq{I,Q, q, I{q, Ki, 5, fi, k., p) such 
that W{L, I, e, q) holds for all I > L^b^. 

Proof. Let < < 1, and A = A;. Then using Markov inequality and Theorem 3.1 we have 

P{dist{a{HA{A)),E) < 77/2} = P{TTXEAHAiA)) > 1) 

< E(Trxi5.,(i?A(A))) 

< Co?7M-';^i(""'+^\ (10.2) 

for some constants Cq and Ci and I sufficiently large. In fact, by Theorem 3.1 there exists an Lq such that 
(10.2) holds for all I > i^^Q. Now we choose rj — 2exp(— ^®). Then by possibly choosing Lq larger the right 
hand side of (10.2) is bounded by for all I > L^feg. q 

Thus we have shown that under certain conditions the induction hypothesis of the multiscale analysis 
can be verified. The following three technical lemmas will be needed for the multiscale analysis. The have 
been verified for nonmagnetic random Schrodinger operators, see [17]. Here we prove that they also hold for 
magnetic Schrodinger operators. 

Lemma 10.3 (LNDY) H\{A^) is measurable with respect to lu E fl, the Hamiltonian H Ai{x){Ai^) is station- 
ary inx e1? in the sense of (A. 5), and \Ra{A^, z){x,y)\ for x,y G A and \RA'{Ai^, z){x' ,y')\ for x' ,y' G A' 
are independent for disjoint suitable squares A and A' with dist(A, A') > eg. 

Proof. The measurability follows from standard arguments see for example [17] Proposition 1.2.6 or see 
also [1]. The stationarity is shown in Theorem A.l (b). The independence follows from the independence of 
the magnetic fields when restricted to squares which are separated by a distance which is larger than eg. □ 

Lemma 10.4 Let J d R be a bounded interval. 

(a) (WEYL) There is a constant C ~ C{J, ||y||oo) such that 

Tr[l,7(i?A(^))] < C|A| for all uj e fl 

and every square A. 

(b) XA'i-jiH{A))xA is trace class and there exists a constant C such that for every square A 

Tr[xAl/(i/(A))] <C|A|. (10.3) 

Proof. Part (a) follows from an application of the Lieb-Thirring inequality, see (5.17). For part (b), by 
cyclicity of the trace Tr [xKi-j{L[{A))\ — Tr [xk'^j{H{A))xa\- By the spectral theorem 

< xa1j{H{A))xk < CtjXAe-^'"^'^hA. 
and by the diamagnetic inequality 

TrxAe-2*^(^)xA<e2*ll^-ll'- / e''^ix,x)dx < Ct-'e^'\\''-\\-\Al 

J A 

where V- := min(0, V). Choosing i = 1. we obtain (b). q 
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Lemma 10.5 (GRI) There is a Cgeom = Cgoomdl^Hoo) such that for A, A' suitable squares with A C A', 
and Ti C A'"', r2 C A' \ A, the following inequality holds for all z G p{H\) n p{H\i), 

||xr.i?A'WxrJ| < Cgeom(l + |^|)||xr.i?A'WxA illxr^AWxrJI, 
where the norms are operator norms. 

Proof. Let A = A;(.t). Choose 4> e C^(A(_i/2(a;)) which is 1 on A;_i(a;). Let be the interior of A°"*. 
Then dist(9f2, suppVt^) > 1/4 =: d. Moreover, (/> can be chosen such that ||V0||oo is bounded, independent 
of A. Then we have 

= \\xrAHA-z)-'wmHA' -z)-\rA\ 

< \\xrMz)ip - A) • (V0)i?A, (z)xri || + ||xr.i?A(^)(V0) • (p - A)R^, (z)xri II, 

V ' V ' 

= :/ =:// 

where in the second hne we used the geometric resolvent identity, 

(Ha - = HHa' ' z)-^ + {Ha - z)-^Wiq^)iHA' - z)-\ (10.4) 

with W{(l)) := [(/), Ha'] = iV(f> ■ {p — A) + {p — A) ■ iV(f>. Now we estimate the first term on the right hand 
side. Choose J7 with suppVi/) C ft C fl, and dist(9f2, 9r2) > d/2. We estimate 

I = \\xr,RA{z)ip - A) ■ (V<^)xn^A'(^)xri || 
< Wx^ip - A)RA{z)xr, II llxa^A' {z)xr, \\ || V0||oo. 

We now claim that the first term can be estimated by 

llXob - a)RA{z)xr, \\ < C{1 + \z\ + ||y||oo)||xni?A Wxr. ||. 

To see this we use Lemma B.l from Appendix B, with u ~ {Ha — z)^^xr2f ^-nd g ~ Xr2/, for some 
/ G L^(fi), and note that Xr2/ = in 17. This yields the desired bound on Term /. The second term, Term 
//, can be estimated similarly. |— I 

Lemma 10.6 Let H{A) be a magnetic Schrddinger operator with A £ and V- A = such that for \a\ ~ 1 
we have sup^gjj2 \D°'A{x)\{l + < oo and \\D°'V\\oo < co. 

(a) For spectrally almost every E G a{H{A)) there exists a polynomially bounded eigenfunction correspond- 
ing to E, i.e., 1/^{H{A)) ~ where A is the set of all energies in M for which there does not exist a 
polynomially bounded eigenfunction. 

(b) For every bounded set J C M there exists a constant Cj such that every generalized eigenfunction u of 
H{A) corresponding to E £ J \ a{HA{A)) satisfies 

(EDI) llxf ^11 < Cj\\xT\Ha{A) - i?)-ixrilllxr«ll, 

where Ha{A) denotes the restriction of H{A) to L'^{h) with Dirichlet, Neumann or periodic boundary 
conditions. 

Proof, (a) Follows from a generalization of Theorem C.5.4 in [16] to magnetic Schrodinger operators. The 
proof given there generalizes to magnetic Schrodinger operators by means of the diamagnetic inequality and 
the following modification. The growth estimate stated in (ii) of Theorem C.5.2 [16] can be shown as 
in that paper by means of the diamagnetic inequality. To show that (ii) of Theorem C.5.2 [16] implies (iii) 



25 



of that same theorem one has to use elliptic regularity instead of the Harnack inequality which was used in 
[16]. (b) Follows with minor modifications as in the proof of Lemma 3.3.2 in [17] and Lemma B.l. |— | 

Proof of Theorem 3.3. Fix ^ e (0, r - 2) and let /3 = i(l - ^). By Lemma 10.1 there exists an 
= lG{'T,^,Cu,Cy,cs) such that G{Ii,l,ji,£,) holds with // := Einf + [0, and -fi := for all 

I > Ig- Then choose < 6 < /3/2 and q> 2 and < k < min((2 - 2/3)"^, 1). By Lemma 10.2 there exists 
an l'^ (depending on Q,q, Kq, Ki,6, ^, k, p) such that W{Ii,l,Q,q) is satisfied for I > l^b^ and thus also 
for I > Iq := max(^J^6o , /g)- Moreover, by Lemmas 10.4, 10.3, and 10.5 we can now apply the multiscale 
analysis as outlined in [17] for the interval Jq := /;„ (Specifically the assumptions of Theorem 3.2.2 and 
Corollary 3.2.6 in [17] are now verified). Note that the properties stated in Lemma 10.3 are weaker than 
the corresponding properties stated in [17], but one readily verifies that they are sufficient for the multiscale 
analysis. Namely, there is a minor modification necessary due to the security distance, which we introduced 
in the definition of G(/, Z,7,^). For a detailed discussion of the necessary changes, see for example [11]. 

Fix a; e O. Having established the application of the multiscale analysis we can now show that H{A^) 
has pure point spectrum in Jq using the following standard argument. By Lemma 10.6 (a) there is a set 
Jo C Jo with the following properties: (i) for every E £ Jq there is a polynomially bounded eigcnfunction u 
of H{A^) corresponding to E^ (ii) Jg \ Jq is a set of measure zero for the spectral resolution of Eh(a^)- 

Take a generalized eigenfunction u with energy E G Jq. By Lemma 10.6 (b) it satisfies (EDI). Thus 
by Proposition 3.3.1 in [17] u must be exponentially decaying. Thus E is an eigenvalue. Since the Hilbert 
space is separable, it follows that Jg must be countable. Thus the restriction of the spectral measure to Jo 
is supported on the countable set Jo, and therefore it must be purely discontinuous. Thus the spectrum of 
H(Ai^) in Jq is pure point. Moreover, the eigenfunctions are exponentially decaying. Dynamical localization, 
i.e. (3.3), follows from an application of Theorem 3.4.1. in [17]. A necessary condition for the application of 
Theorem 3.4.1. in [17] is that 

p<min(2e,i(<Z-2)). (10.5) 

li p < 2(r — 2), we can choose ^ and q, such that the multiscale analysis can be applied, i.e., ^ < r — 2 and 
q > 2, and that (10.5) holds. (Notice that different choices for ^ and q, will affect the right endpoint of Jq. 
Hence the interval for which we are able prove dynamical localization might be smaller than the interval for 
which we can prove pure point spectrum.) We thus proved that that the spectrum in Jq = [i?inf,i?mf + eo], 
with Go ^f^lo is pure point. 

It remains to show that Jo contains indeed spectrum. For simplicity, we first consider the case K2 = 
and V = 0. We know from Theorem 3.4 (d) that in that case Ei^t = '^ini and hence Jq = [Sinf , Sinf + eo] C S. 

Now let us assume the general case. By possibly choosing Iq larger we can assume by Theorem 3.4 (b) 
that Esup > Eini + sq. From Theorem 3.4 (a) we know that 

Eini<^inf<Eini + K{bo), (10.6) 

with 

Kibo) := AKib^^ + min(/v-26o Ksb^'). 
For bo sufficiently large, we have one the one hand ^o = ^iV^o ^^'^ '^^ ^iie other 

Kibo) < lf^il*wbof-' - 1^0- (10.7) 
In particular Einf < E'sup- Applying Theorem 3.4 (c) we get 

[Sinf,-B,up] C S. (10.8) 

Now (10.8) and (10.7) imply that 

Jq n S = [Sinf , Einf + Cq] = [Sinf , ^inf + Gl] 
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for some ei > 0, see the figure below. 



< K{bo) < ho 



ei 



inf 



■^inf 



Einf + eo 



E, 



sup 



□ 



A Ergodicity 

Proof of Theorem 3.2, Part 1. The measurabihty of H\{A^) for a finite box follows from an easy 
application of Proposition f.2.6. in [17]. Let f,g £ . For any z with nonzero imaginary part we have 

lim(/,(i/A,(^„)-z)-i.g) = {f,{H{A^)-z)-^g). (A.l) 

/— >oo 

To this end we can use the geometric resolvent equation (10.4), and the resolvent decay estimate of Theorem 
C.2. Since the limit of measurable functions is measurable (A.l) implies the measurability of the magnetic 
Hamiltonian on q 

For a G wc define the shift operator Ta acting on functions / on by {Taf ){x) = f{x~a). The operator 
Ta acts unitarily on the Hilbert space i^(R^) and in that case we denote it by Ua- Given a magnetic field 
_B : R^ — !> M we fix a gauge for the vector potential A[B] : — !> R^ by setting 



A[B]{xi,X2):^ [Q. j B{x[,X2)dx[ 
Note that TaB = V x {TaA[B]). We define the function 

Xa[B]{x) := f {Ta{A[B]) - A[TaB]}ds, 

where is a path in R^ connecting the origin with x and ds is the line integration measure. Since R'^ is 
simply connected and the rotation of the integrand is zero, the explicitly choice of is not important. 
From the identity e*^"[^l(p - TaA[B])e-'^-^^^^ ^p- A[TaB] it follows that 

e*^"[^Waff(yl[B])W:e-'^"[^l = H{A[TaB]). (A.2) 

We define a family {Ta)a^i? of shift operators acting on f2 as [TaUj)'""^^ :~ '^i-l- As a trivial consequence of 
the definitions we have 

Bt.^ = TaB^. (A.3) 
Proposition A.l Let a £l? and Va ~ e'^^^I^Wa. Then the following holds, 
(a) We have 

VaH{A[B^])Vl = H{A[Br^^]), (A.4) 
i.e., uj H{A[BJ\) is ergodic with respect to the family (Ta)a£i.^- 
(h) For all ^p,ipe , 

{Vail^,H{A[B])Va4') and {4,,H{A[BM (A.5) 
have the same probability distribution. 
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Proof, (a) is a direct consequence of (A. 2) and (A. 3). (b) From (A. 2) it also follows that 

= {Va^,H{A[TaB])Va<f>). 

Now using (A. 3) and the measure preserving property of Ta part (b) follows. q 

Proof of Theorem 3.2, Part 2. By the crgodicity property as stated in Proposition A.l (a), Theorem 3.2 
can be obtained the same way as Theorem 1.2.5 in [17] using the invariance of the trace under conjugation 
by a unitary operator. q 

B Bound on the Magnetic Gradient 

We set Va = V — iA. Let z € C. We say that u is a weak solution of {{p~ A)^ + V)u = g in f2, if m £ W^^'^(f2) 
and, for every e C^(f2), 

{VAf,yAu) + {<p,Vu) = {if,g). (B.l) 
The following lemma is a minor modification of Lemma 2.5.3 in [17]. 

Lemma B.l Let f2 C 51 C with A\si{dVt,dVL) —: d > 0. Then there exists a constant C = C{d) such that 
every weak solution of Hu = g in D, satisfies 

\\^Au\\^.^^,^ < C{1 + \\V\\oo) (Mmn) + Mlhu)) • 



Proof. Since C^{n) = Wo'^'ifl), Equation (B.l) holds for ah ip G W^'^n). We can choose a function 
^' G C;?°(f2), < 5' < 1 with XE- EE 1 on f2 and ||V'I'||oo < Cd~\ where C depends on the dimension d. Set 
w := Then w G W^^'^in) and \7w = ^^y^ ^ 2m^'V^'. It follows from (B.l) that 

{Vaw, Vau) + {w, Vu) = {w, g). 

We obtain 

II^VauH^ = (Vaw, Vaw) - 2(uV*,^'Vau) 

= {w,g) + {w,Vil) -2{uy^,'^y Au) 

< MM + ||^||oo||*u||^ + l^Aur + 4||^||2||v*||L. 

By the choice of this now yields the claim. q 

C Resolvent Decay Estimates 

Define the function p{x) = (1 + \x\'^)'^^^. Let H be an operator of the form H\{A). Define 

H{a) := e"'PHe-"'P - aVp ■ {-iV -a)- {-iV - a) ■ aVp + a^lVpj^. (C.l) 

Since |Vp| and \A.p\ are bounded and (— iV — a) is infinitesimally small with respect to H, we obtain that 
H{a) is an analytic family of type A on C. 

Lemma C.l Let /3 G M. Then (-oo, inf cr(if) - /J^) c p{H{iP)). Let z e C and Rez < mi(T{H) - then 

\\{H{il3) - < ^ . 

inf(T(ff)-/32-Rez 
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Proof. Using |Vp| < 1, we find 



> {^p,{H - 13^ ^Rcz)^!) > {ini a{H) - (5^ -Rcz)\\^jf. 



The lemma follows from this estimate. 



□ 



Theorem C.2 Let A = A; C Let E < inf(T(i/A) and -q = dist(£;, infcr(ifA)). Then, for I > 4, 



\\x"''{H^-E)'\°^'\\<-cxp 



( 




) 



Proof. Let (pi,(p2 G C^{A), and a G K. Then by unitarity 



By Lemma C.l, we can analytically continue the resolvent occurring of the right hand side to a strip around 
the real axis of width 77^/^. Thus we find for a = i/3 with (3 ~ \/r]J^, 




The theorem now follows. q 
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